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The article describes the change in the loading surface during the process of simple loading. 
A study is made of the direction of the vector of the increment in the plastic deformation 
at different points of the loading surface. The experimental data were obtained in tests on 
the controlled triaxial compression of hollow cylindrical samples of argillaceous soil. The 
applicability of the theory of increments in the form of an association law is established. 

Calculations of the stress-deformation state of a soil, for foundations, media, and various structural 
materials, come down mainly to the use of the relationships of the deformation theory of plasticity. How- 
ever, experimental investigations in recent years have shown that, with complex loading, the relationships 
of the deformation theory break down. in particular, a significant dependence of the trajectory of the de- 
formations on the trajectory of the stresses has been demonstrated experimentally [i]. On the other hand, 
it is well known that, under natural conditions, the loading of a soil, as a rule, does not correspond to sim- 
ple, or even close to simple, loading conditions. What has been said explains the present interest in the 
theory of the increment of the deformations. The experimental studies required to verify this theory and 
to give a concrete form to its equations are very limited [2, 3]; this refers inparticular to experimental 
investigations with a triaxial state of stress. 

The present investigations are based on the concept of surface loading and the associated law of plas- 
tic deformation, connecting the tensor of the increments of the plastic deformations dePlc with the tensor of 
the stresses Sjk by the relationship 
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w h e r e f  is the loading function (it is the equation of the loading sur face  in the space  of the increments ) .  

Control led t r i ax ia l  compres s ion  of the soil  was effected by the loading of hollow cyl indr ica l  s amples  
using an axial  force ,  as  well  as  by hydros ta t ic  p r e s s u r e s ,  different outside and inside of the sample .  The 
ve r t i c a l  deformat ions  were  m eas u red  using d ia l - type  indicators  with a graduat ion of 0.01 ram, and the 
tangential  and rad ia l  deformat ions  f rom the changes in the inside and outside d i ame te r s  of the sample ,  r e -  
corded by cor responding  vo lumenomete r s ,  connected with the in ternal  and ex te rna l  chambe r s  of the e x p e r -  
imental  unit (the graduat ion of the tube of a vo lumenomete r  was 0.05 cm3). The accu racy  of the m e a s u r e -  
ment  of the ve r t i c a l  deformat ions  was 0.01%, and of the tangential  and radia l ,  0.03%. The height of the s a m -  
ple of soil  was 80 ram, and the inside and outside d i a m e t e r s  we re  35 and 60 ram, r e spec t ive ly .  

The kaolinite loam invest igated has the following indices: mos i tu re  content at the yield point 30%; 
p las t ic i ty  number  10, poros i ty  coeff icient  0.76; mois tu re  by weight 12.3%; degree  of moi s tu re  content 0.44. 
The initial  s ta te  of the densi ty and the mois tu re  content were  achieved by densif icat ion of p rev ious ly  moi s t -  
ened powder.  The initial i so t ropy  of the samples  of soil  was conf i rmed by specia l  expe r imen t s .  The la t ter  
consis ted in the crushing of different ly or iented  samples  following an identical  p r o g r a m .  
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The experiments  were set up with a constant value of the m e a n p r e s -  
sure,  ~= 5.0 kg / cm 2. Thus, the dependence of the plast ic deformations 
on ~, which is very  considerable for soils,  was not taken into account in 
the presen t  investigation. In addition, during the tes ts  of a given cycle, 
the main axes of the s t r e s ses  were fixed; therefore ,  with a given or ienta-  
tion of the axes,  the change in the state of s t r e ss  is charac te r ized  by the 
intensity of the s t r e s s e s  r ~nd by a pa ramete r  of the type of state of 
s t r e ss  ~. The considerat ion of the loading surface is reduced to a study 
of its t r ace  in a plane perpendicular  to the axis e 1 =a  2 = a  3 in the space of 
the main s t r e s se s .  

The identical value a = 5.0 kg /cm 2, given in the experiments ,  was 
achieved by hydrostat ic  compress ion  of the samples .  Fur ther  plast ic 

Fig. 1 
deformation of the soil was carried out under conditions of radial loading 
with values of~ = -1 ,  + 1. With~ =-1 ,  three loading surfaceswereplotted, 

corresponding to different intensities of the deformations ei, respectively, for 1.25, 5.6, and 8.5%. Two 
loading surfaces were investigated with ~ = + 1, for values of e i equal to 1.6 and 2.8%. 

A majority of the points of each loading surface was plotted using one sample of soil inthe experiments. 
The initial loading was stepwise, with stabilization of the deformations of the creep at each stage of an in- 
crease in a i. After the given program of the values of e i had been completed, the sample was unloaded (ai = 
0, o = 5.0 kg/cm2), and then again loaded stepwise, with different radial paths of the stress. As a criterion 
of the attainment of a loading surface, there was adopted an increment of 0.1% in the deformation of the 
sample in an axial direction. The final radial loading was carried out along the path of the original loading. 
This confirmed the absence of any significant shift of the surface as a result of the secondary loadings. 
Certain segments of the surfaces were plotted using different samples and, in this case, part of the points 
are duplicated. At some points of the surface, the loading was carried out in small steps in different direc- 
tions, to study the orientation of the vector of the increment in the plastic deformation. 

The experimental results are presented in the form of curves in Fig. 1 and Fig. 2. Figure 1 shows 
the character of the strengthening of the investigated soil during the process of primary loading along radial 
paths with ~ = - 1  and + 1 (the value of/~ is noted on the curves). Rather great deformations of the soil are 
characteristic. The hardening of the investigated soil depends essentially on the type of the state of stress. 
The greatest degree of hardening is attained at ~ = -1 .  At the start of the loading, a small linear segment, 
common to both curves, is observed. During the process of further loading, the elastic properties of the 
soil vary only slightly, and the deformations are basically of an irreversible character (the loading lines 
are shown by dashes in Fig. 1). 

The development of a loading surface during the process of plastic deformation, with t~ = - 1  and + 1, 
is shown in Fig. 2, a and b, respectively, in the form of a projection on the plane a= 5.0 kg/cm 2. The sur- 
faces a,  fl, 7 (Fig. 2a) correspond to the plastic deformations e i = 1.25, 5.6, and 8.5%, and the surfaces 6, 
(Fig. 2b) to the deformations e i = 1.6 and 2.8%. The dot-dashed lines show the paths of the secondary radial 
stresses. The numeration of the points for each surface is individual, and corresponds to the sequence of 
the secondary  s t r e s se s .  The numbers  with p r imes  and without p r imes  denote points obtained for  different 
samples of soil. The dashed lines were drawn for segments  of the surface not having experimental  points, 
in accordance with the features  of more fully investigated surfaces .  

An examination of the curves shows that, as a resu l t  of plast ic deformation,  there is considerable 
deformation of the load surface,  with its elongation in the direction of the load. The form of the surface 
differs ve ry  considerably f rom that of a Mises neighborhood. The degree of elongation of the surface depends 
on the direction of the loading, and is more sharply expressed for ~ = - 1 .  The surfaces  remain  symmet r i ca l  
with respec t  to the direct ions of the original  radia l  loadings. 

During the p rocess  of loading in one direction,  there is an expansion of the surface in all direct ions.  
The segment of the surface adjacent to the direction of the p r i m a r y  loading is located considerably fur ther  
f rom the origin of coordinates  (point O)than the opposite segment of the surface.  The surfaces  are  smooth 
and convex; no co rne r s  are  formed on the surface.  

The position of the project ion of the vector  of the increment  of the plast ic deformation on the plane 
= 5.0 kg /cm 2, at different points of the loading surfaces  investigated, is shown in Fig. 2a and b. The thin 
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solid line shows the d i rec t ion of the no rm a l  to the loading sur face ,  while the thick a r r o w s  show the vec to r s  
of the inc rement  of the s t r e s s e s ,  and the thin a r rows  the vec to r s  of the inc rement  of the p las t ic  d e f o r m a -  
tion. 

An examinat ion of the curves  of Fig. 2a and b shows the following. Since the fo rm of the loading s u r -  
face di f fers  cons iderab ly  f rom a c i rc le ,  the d i rec t ion  of the vec tor  of the s t r e s s ,  as  a ru le ,  does not coincide 
with the d i rec t ion of the n o r m a l  to the sur face .  With in te rsec t ion  of the loading sur face  by the s t r e s s  vec to r  
at  an acute angle,  and with subsequent  loading, the vec tor  of the inc rement  of the p las t ic  deformat ion  deP, 
in a major i ty  of cases ,  coincides nei ther  with the d i rec t ion of the vec to r  of the s t r e s s ,  nor  with the di rect ion 
of the vec tor  of the loading da. In all  cases ,  deP deviates  f rom da toward the side of the no rma l  to the load-  
ing sur face ,  and is located c lose r  to the la t ter  than to da, s o m e t i m e s  coinciding exact ly  with the no rma l  
(points 4G* and 9 T in Fig. 2a; points 45, 85 in Fig.  2b). F u r t h e r m o r e ,  the vec to r s  of the inc rement  of the 
p las t ic  deformat ion ,  obtained with loading at  points located on the axis of s y m m e t r y  of the loading sur face  
(points l a ,  1/3, 47, in Fig. 2a) also coincide with the normal .  The noncoincidence of deP and da follows 
also f r o m  the  fac t  that,  with loading, pos i t ive  inc remen t s  of the vo lumet r ic  deformat ion  a r e  obtained, i .e. ,  
deP not only does not coincide with the s t r e s s  vec to r ,  but does not lie in the plane a =  const ,  and is inclined 
to it. This  c i r cums tance ,  cha r ac t e r i s t i c  for soi ls ,  is evidence of the closed nature  of the loading in the di -  
r ec t ion  of the t h r ee -d imens iona l  diagonal [3]. 

F igure  2c gives individually the vec to r s  of the inc rement  of the p las t ic  deformat ions ,  obtained with 
loadings in s eve ra l  d i rec t ions  at  the points 1 and 2 of the loading su r face ,  a .  The numbers  denote the s e -  
quence of the loadings at each point. As before ,  deP does not coincide with da. A change in the di rect ion of 
da  changes the di rect ion of deP, but this change is less  marked  and the resu l t an t  vec to r  deP is located, as 
a rule ,  c lo se r  to the no rma l  than to da. It mus t  be noted that,  with loadings d i rec ted  along the tangent to the 
loading sur face  or  within it (da 4 at points 1 and 2), an increment  of the p las t ic  deformat ions  is not obtained. 
On the whole, an examinat ion of the curves  of Fig. 2 shows, without a doubt, that  on the bas i s  of the ex p e r i -  
menta l  data considered,  the hypothesis  of the normal i ty  of deP to the loading sur face  is sa t i s fac to r i ly  con-  
f i r  reed. 

The exper imenta l  invest igat ions of the p las t ic  deformat ions  of a rg i l l aceous  soil,  c a r r i ed  out under 
conditions of control led t r i ax ia l  compress ion ,  p e r m i t  the following conclusions.  

Deformat ion  of the soil  invest igated is genera l ly  i r r e v e r s i b l e .  Hardening of the soil  during the p r o c -  
ess  of p las t ic  deformat ion is of a sharp ly  marked  d i rec ted  cha rac t e r .  During the p r o c e s s  of r ad ia l  loading, 

*The le t ter  with the number  of the point denotes the index of the cor responding  loading sur face .  
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the loading sur face  expands s y m m e t r i c a l l y  and is elongated in the direct ion of the rad ia l  loading, butwith-  
out movement  of the sur face  as  a whole.  The f o r m  of the surface  depends on the d i rec t ion of the p r i m a r y  
loading. The loading sur face  is smooth and convex; the re  is no conicity at  the loading point. 

The direct ion of the vec tor  of the i nc remen t  in the p las t ic  deformat ion  is not de te rmined  by the vec tor  
of the s t r e s s e s  and does not coincide with it, as  a r e su l t  of the nonround f o r m  of the sur face ,  with the ex-  
ception of the case  when the d i rec t ion of the la t te r  is c lose  to the no rma l  to the su r faces .  In pa r t i cu la r ,  
with loading in the plane ~ = const,  the re  a r e  i nc remen t s  in the vo lumet r i c  deformat ion.  The r e su l t s  of the 
invest igat ions sa t i s fac to r i ly  conf i rm the hypothesis  of the s ingular i ty  of the di rect ion of the vec to r  of the 
inc remeu t  of the p las t ic  deformat ion  and of its no rmal i ty  to the loading sur face .  The loading sur face  of the 
soil  invest igated cannot be r e p r e s e n t e d  in the f o r m  of an i so t ropic  function only of the intensi ty of the s t r e s s e s ,  
or  of the th ree  invar iants  of the s t r e s s ,  but must  include the cha r ac t e r i s t i c  of the d i rec t ion of the loading. 
The nonround fo rm of the loading sur face  and the noncoincidence of the d i rec t ion  of the di rect ion of the 
vec to r  of the inc remen t  of the p las t ic  deformat ions  and the s t r e s s  vec to r  do not p e r m i t  applying the s imples t  
f o r m  of the assoc ia ted  law 

However ,  on the bas i s  of the expe r imen t s  c a r r i e d  out, the concept of the loading sur face  and of the 
assoc ia ted  law of p las t ic  deformat ion  is comple te ly  acceptable .  

The invest igat ions demons t r a t e  the uti l i ty of using the concepts  of the theory  of p las t ic i ty  (in the p r e -  
sent case ,  the theory  of flow) in soi l  mechanics .  In the theory  of p las t ic i ty ,  along with the development  of 
the p r inc ip les  of the gene ra l  theory ,  a g r e a t  deal  of attention is being paid to the construct ion of the s imples t  
ma themat i ca l  models ,  within the f r a m e w o r k  of the phenomenological  approach.  In pa r t i cu l a r ,  detailed in- 
ves t iga t ions  in this d i rec t ion have been made by M. Ya. Leonov et al .  [4]. In these  a r t i c l e s ,  a model for  a 
l inear  an iso t rop ic  hardening medium is p roposed ,  and a c lass  of loadings is isolated,  differing f rom p r o -  
por t ional  loadings,  for  which the appl icat ion of the deformat ion  theory  is poss ib le .  The applicat ion of s i m -  
p le r  ma themat i ca l  theor i e s ,  cons t ruc ted  on a phenomenological  bas i s ,  and designed to d e s e r i b e  l imited 
c l a s s e s  of loadings,  is doubtless  feas ib le  a lso  in soi l  mechanics .  
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